Abstract: The rovibrational energy levels (J = 0-3) and rotational spectra of seven isotopologues of the OCS-(He) 2 complex have been determined by numerically exact basis set calculations. The interaction energy is represented as a sum of two-body terms consisting of the OCS-He potential, which Howson and Hutson (J. Chem. Phys. 2001, 115, 5059) obtained at the CCSD(T)/aug-cc-pVTZ level of theory, and the He-He potential that Jeziorska et al. (J. Chem. Phys. 2007, 127,124303) obtained with SAPT theory. Three-body effects and the quality of the potential are discussed. Comparison with experiment shows that microwave transitions can be predicted by this additive approach with an accuracy equal or better than 0.7% for all the observed spectral lines. A method for the three-dimensional representation of the helium density in the body-fixed frame is presented that highlights the highly delocalized nature of the helium subsystem.
Introduction
Doped helium clusters offer a unique opportunity to understand quantum solvation and microscopic superfluidity, and this topic has been the subject of several studies in recent years. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] Helium clusters doped with carbonyl sulfide (OCS) are of particular interest, because the OCS chromophore was the dopant used to provide the first evidence of microscopic superfluidity in helium nanodroplets. 1 In that seminal work, it was found that the OCS molecule undergoes nearly free rotational motion with a renormalization of its moment of inertia owing to its coupling to the helium environment, and the nearly free nature of that rotational motion was attributed to superfluidity. Since that time, helium clusters doped with OCS have become the focus of numerous experimental and theoretical studies. 4, 7, 11, [14] [15] [16] [17] [18] In particular, Xu and Jäger 3, 6 and Tang and McKellar 4, 7 have gone beyond the traditional binary or ternary complex limit to obtain infrared and microwave spectra of OCS-(He) N clusters for N = 2-8. In addition to being a technical breakthrough, that work hinted at the onset of superfluidity and provided benchmark challenges for theoretical studies.
To fully understand the experimental spectra on the atomic scale, computer simulation studies are important and necessary, 19, 20 and a number of theoretical studies of OCS-(He) N clusters based on quantum Monte Carlo techniques have been reported. [14] [15] [16] [17] [18] 21 Such techniques have also been applied to He clusters containing other dopants such as N 2 O, 22, 23 CO 2 , 20, 24, 25 and HCCCN, 26 yielding excellent agreement with experiment. To date, however, exact quan-tum calculations on OCS-(He) N clusters have been restricted to the He-OCS dimer. 18, 27 The present paper extends this work to the case of two helium atoms with OCS. In the remainder of this paper, details of the theory and computational procedure are given in the Theory and methods section, results are presented and discussed in the Results and discussion section, and concluding remarks appear in last section.
Details of the coordinate system are presented in Fig. 1 , where r 1 and r 2 are the lengths of Radau (or orthogonalized satellite) vectors r 1 and r 2 , which are linear combinations of the Jacobi (or satellite) vectors q 1 and q 2 from the centre of mass of OCS to the He atoms. 29 The polyspherical angles (q 1 , q 2 , and f) are determined by the three vectors (r 0 , r 1 , and r 2 ), where r 0 is a vector along the axis of OCS, m He is the mass of the He atom, and B OCS is the inertial rotation constant of OCS. The operators b J x , b J y , and b J z are the components of the total angular momentum operator b J in the bodyfixed frame, the z axis of the body-fixed frame lies along the Jacobi radial vector r 0 , and its x axis is in the plane that contains the vector r 0 and one He atom.
V ðr 1 ; r 2 ; q 1 ; q 2 ; fÞ is the total potential represented as a sum of two He-OCS potentials plus the He-He intermolecular potential. The above Hamiltonian contains full vibration-rotation coupling.
Basis function and matrix elements
A discrete variable representation (DVR) grid 34 is used for the radial degree of freedom, while parity-adapted rovibrational basis functions are used for the angular part. The latter are linear combinations of the functions ½8 hq 1 ; q 2 ; f; a; b; gjl 1 ; l 2 ; m 2 ; J; K; Mi 35 spherical harmonic functions, and Wigner functions. 35 The body-fixed frame is related to the space-fixed frame via a rotation in the three Euler angles (a, b, g). The projection of the total angular momentum J onto the space-fixed or body-fixed frame is given by M or K. Applying the parity operator b E Ã to the rovibrational function has the effect Fig. 1 . Illustration of the coordinate system used in the bound-state calculations: M is the centre of mass of OCS and B is the canonical point for the Radau vectors r1 and r2, and q1 and q2 are the Jacobi vectors and r0 is a vector defining the axis of the OCS molecule; f is a dihedral angle between r1 Â r0 and r2 Â r0, and q1 and q2 are angles between r0 and r1 and r2, respectively. where K 0 and P = 0 or 1 correspond to even or odd parities, respectively. When K = 0 the constraint m 2 0 holds and the combination m 2 = K = 0 and (-1) J+P = -1 is not allowed.
½10
In the parity-adapted angular finite basis representation(FBR), the kinetic energy terms have simple matrix elements. The diagonal matrix elements are
and the three types of off-diagonal matrix elements are
with two special cases
While the potential is not diagonal in the angular FBR, its matrix element integrals can be calculated in a grid representation via a three-dimensional transformation 36 for the q 1 , q 2 , and f angles. 28, 36 A Gauss-Legendre quadrature was used for the q 1 and q 2 angles, and Gauss-Chebyshev quadratures of the first and second kind were used to integrate f for even and odd parity cases, respectively. For J > 0, a Fourier transform method has been used for potential matrix-vector products. 28, 37 The Lanczos algorithm was then used to calculate the rovibrational energy levels by recursively diagonalizing the discretized Hamiltonian matrix. [38] [39] [40] Projection operator techniques were used in combination with the Lanczos iteration method to compute symmetric states upon identical helium exchanges to properly account for the bosonic nature of the 4 He atoms. This corresponds to a version of the symmetry-adapted Lanczos (SAL) algorithm 41, 42 previously used for atomic trimers containing two or more bosonic atoms. 28, 43, 44 Eigenvectors were obtained using a second Lanczos recursion to avoid the storage of Lanczos vectors as previously done in ref. 43 .
Helium density in the body-fixed frame
To develop some intuitive feeling regarding the nature of these species, it is very useful to develop a three-dimensional representation of the helium part of the wave function in the body-fixed frame. In terms of the basis functions and Radau coordinate system, the wave function for the nth energy level for a given set of J, M, and P quantum numbers is (Rj = {x j , y j , z j }). The above integral can be evaluated on the same grid as the potential integral. However, because of the discrete nature of the Gaussian quadrature grid used for the integration, the density may not appear to be smooth. To obtain a smooth representation of the density, we use a Gaussian representation of the three-dimensional delta function that appears in eq.
[19] Note: J, total angular momentum; P, parity; and n, vibrational quantum number. This expression reduces to an exact delta function in the limit where (s x , s y , s z ) ? (0, 0, 0). Using such a representation of the delta function amounts to performing a Gaussian binning of the density and leads to a smooth representation of the density, as will be illustrated in the following. 
Results and discussion
Bound-state energies and microwave spectrum The rovibrational energy levels of seven isotopologues of the OCS-(He) 2 complex were calculated using the radial DVR and parity-adapted angular FBR methods described in the Theory and methods section. The inertial rotational constants B OCS required for these calculations were fixed at the experimental values of 0.202 856 741 cm -1 for 16 Gauss-Legendre quadrature points were used for each of q 1 and q 2 , while 64 equally spaced points on the range [0, 2p] were used for f. To accelerate the convergence of the Lanczos calculation, an energy ceiling of 1000 cm -1 was imposed. This energy cutoff affected the low-lying levels by less than 0.001 cm -1 .
The energies of the J = 0, 1, 2, and 3 rotational sublevels of the ground vibrational level for seven OCS-(He) 2 isotopologues are listed in Table 1 , where P is the total parity. As shown there, the binding energy of the ground vibrational level of 16 O 12 C 32 S-(He) 2 is 37.9505 cm -1 , which is approximately one-third of the total three-body well depth of 108.0896 cm -1 . Because of our additive model, this well depth is exactly twice the 50.22 cm -1 well depth 27 of He-OCS plus the 7.6496 cm -1 depth of the He-He potential. 48 However, this ground-state level is bound by 0.6993 cm -1 more than the twice the binding energy of the He-OCS dimer (18.625 cm -1 ) 27 plus the binding energy of the helium dimer (0.0012 cm -1 ), 48 , which add up to 37.2512 cm -1 . That additive value is expected to be approximate because it neglects the effect of correlation associated with the mixing of the two He-atom wave functions. Table 2 compares our calculated microwave transition energies with the experimental results of refs. 3 and 6. As shown there, the agreement is quite good, as the relative errors are never larger than 0.7%. The Dn t torsional frequency values are also presented in Table 2 . For additional comparison, the calculated microwave transitions were fitted to Watson's S-reduction Hamiltonian as an asymmetric top molecule and compared to the experimental results of ref. 6 . All resulting spectroscopic constants are listed in Table 3. As shown in Table 3 for 16 O 12 C 32 S-(He) 2 , the fitted A, B, and C rotational constants agree well with experimental results, as the relative errors are less than 2%. However, for 16 O 13 C 32 S-(He) 2 , the errors are relatively larger than those of 16 O 12 C 32 S-(He) 2 isotopomer. This is in part due to the fact that the centrifugal distortion constants for all isotopologues were fixed to the same infrared value 7 of 16 O 12 C 32 S-(He) 2 . Another explanation for the discrepancy is the neglect of three-body terms in the interaction potential used in the calculations as discussed below.
It is evident that the J dependence of the residual discrepancies in Table 2 has the same systematic behaviour for all isotopologues: the theoretical 1 / 0 transition frequencies are smaller than the experimental ones, whereas the experimental transition frequencies are larger in the 3 / 2 and 2 / 1 cases. This behaviour can be understood if we use a basic spectroscopic analysis to determine estimates of the leading rotational constants implied by these results. In particular, according to a standard spectroscopic analysis in which rotational energies are written as
. ., the expression for the rotational transition energies DF(J) : F(J + 1) -F(J) may be rearranged into the form
Plots of the experimental and theoretical results for 16 O 12 C 32 -He in the manner suggested by eq. [21] are presented in Fig. 2 D v . values are orders of magnitude larger than the discrepancies implied by the differences between the experimental and theoretical results for He-OCS obtained by Howson and Hutson. 27 Since our calculations are based on their He-OCS pair potential, and given that the He-He pair potential 48 is believed to be very reliable, we interpret these differences as being due to our neglect of nonadditive contributions to the overall interaction potential of our three-body system. The fact that the experimental values are larger than those obtained from our additive model would be consistent with the existence of an attractive three-body interaction. Figures 3 and 4 present the three-dimensional density for the two helium atoms in the body-fixed frame as calculated for the ground state of OCS-(He) 2 using the procedure described in the Helium density in the body-fixed frame section. Iso-surfaces are used to represent the threedimensional densities, and the z axis is defined to lie on the OCS molecular axis. The density of helium atom-1 is represented in black and that of helium atom-2 is shown in blue. Two sets of standard deviation parameters have been chosen to illustrate the smearing effect of the Gaussian binning. Larger values of s x = s z = 0.25 Å and s y = 0.1 Å for atom-1 and s x = s y = s z = 0.25 Å for atom-2 are used in Fig. 3 , whereas smaller values of s x = s z = 0.1 Å and s y = 0.05 Å for atom-1 and s x = s y = s z = 0.1 Å for atom-2 are used in Fig. 4 . We first observe that a smoother density is obtained with the larger standard deviation parameters, although the general features of the helium density are the same in both Figs. 3 and 4 . The density will be accurately represented as long as the standard deviations are smaller than the characteristic length scale of the features of the wave function. The values chosen above obey this criterion.
Helium density
One significant feature of these representations is the fact that the two helium atoms appear to have very different density distributions. This is an artifact of the fact that the position of helium atom-1 is used to define the xz plane of the body-fixed frame, and its density is therefore completely localized with respect to the y direction. Indeed, the only reason that its density distribution appears to have nonzero width in the y direction (the thickness of the black ''disk'') is the use of a finite bin size (s y > 0) in the calculation. The density of helium atom-1 is of course somewhat delocalized in the xz plane, but it is centred at the minimum of the potential energy surface.
The second helium atom is clearly highly delocalized relative to the first, being distributed on a ''sausage''-shaped incomplete ring about the OCS molecule axis. In Figs. 3 and 4 it appears to have a uniform density as a function of the azimuthal angle f, apart from the region near atom-1 whence it is excluded by the short-range repulsive wall of the He-He potential. However, Fig. 5 shows that the ''partial density'' obtained by integrating the density of He atom-2 with respect to R and z at each value of f has interesting substructure. In particular, in addition to the expected excluded volume near f = 08 and 3608, there are small but distinct local maxima at f = 1018 and 2598 corresponding to the two He atoms lying~5.4 Å apart. This distance is almost double the He-He potential equilibrium distance of r e = 2.968 Å , but is much smaller than the 45.6 Å expectation value of the internuclear distance in the ground state of an isolated He 2 molecule, since the relatively strong He-OCS potential constrains the two He atoms to lie within a ring about the axis of the OCS. However, the weakness of the He-He potential means that over a f range of almost 1808 the two He atoms move almost freely relative to one another. Note that the present structural analysis is consistent with Fig. 2 of ref. 49 , and the findings of Wang and Carrington and co-workers for the related He 2 -N 2 O. 28 
Concluding remarks
Calculated rovibrational energy levels and microwave transitions for seven OCS-(He) 2 isotopologues have been obtained from using a global potential energy surface defined as a sum of accurate He-OCS and He-He pair potentials. The predicted microwave transitions are in fairly good agreement with experiment, but small systematic residual differences are attributed to our neglect of three-body contributions to the interaction. A new approach for visualizing the helium density in the body-fixed frame is introduced that shows that for the ground state, relative to the first, the second helium atom lies in a sausage-shaped incomplete ring about the OCS axis, with a region of excluded density owing to the helium-helium repulsion. This study is complementary to one by Wang and Carrington, 49 for this same OCS-(He) 2 system in the August 2010 issue of this journal -they focus more on the infrared spectra and the intramolecular vibrational structure and consider only the most abundant isotopologues. Although they use different interaction potentials, their results are in general agreement with ours.
